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This file covers the following problems of Durrett’s Probability: Theory of
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1.2.4.

Suppose that F(z) = P(X < z) is continuous. We will show that Y = F(X)
has a uniform distribution on (0, 1), that is, if y € [0,1], P(Y <y) =y.

Let y € [0,1] be arbitrary. If y = 1, then P(FoX < 1) = 1, since F is always
< 1. Consider y € [0,1). Let x = sup{r € R: F(r) < y} (as f is continuous,
f(z) = y). Now, we have

PY<y)=PFoX<y)=PH{weQ:FoX(w) <y}
— P({we 9 X(w) < 2}) = F(z) = y,

where the third equality uses the fact that f is increasing.
Thus, Y has a uniform distribution on (0, 1). O

1.3.1

Suppose that A generates S. Then, we will show that X 1(A) = {{X €
A} : A € A} generates 0(X) = {{X € B} : B € S}. (Here, as usual, X denotes
a measure from (2, F) to (S,S)). Here, in other words, we need to show that
(X 1(A)) = o(X). We will do that by mutual containment.

We have that X ~1(A) C X~1(S) (Since A C S). Therefore, o(X 1(A)) C
o(X71(8)). Now, note that o(X~1(S)) = o(X) (by the definition of o(X)).
Hence, o(X 1 (A)) C o(X).

Our idea is to show that X is o(X ~!(A))-measurable. (This implies o(X) C
(X1 (A))).
We will use the following Lemma: for any o-field D on Q, T = {B € S :
{X € B} € D} is a o-field in §. (We will prove this at the end of this proof).
Now, construct 7 with D := (X ~1(A)), then T is a o-field containing A.
Since A generates S, S C T. Therefore, 0(X) C o. But, by definition of T,
T CS. Hence, T = S. This means {B € §: {X € B} C D} =S8. Hence, X is



D-measurable, i.e., 0(X 1(A))-measurable.
So, we have shown that o(X ~*(A)) = o(X). O

Proof of Lemma. We will prove the Lemma stated above.

Let D be arbitrary, and T is defined as stated. We want to show that 7 is
a o-field in S.

By definition of 7, 7 C S. Now, to show that T is a o-field, we will show
that 7 is closed under countable union and complement.

Let {B;} € T. We have that {X € B;} € D. Now, let B = UB;, we have

{XeB}={XeUB;}=U{X € B;} € D,

since D is a o-field (hence closed under countable union). Hence, B € T.
Now, let B € T be arbitrary. We have {X € B} € D. This means

{XeB}=Q\{XeB}={XeB}eD,

since D is closed under complement. Thus, B¢ € T.
We have shown that T is closed under countable union and complement,
which means 7 is a o-field. O

1.5.9

Suppose that f has ||f]|, = (J |f|Pdu)'/? < co. We will show that there are
simple function ¢, such that ||f, — f||, — 0.

From Theorem 2.10 (or around that) in Folland, we know that there exists
a sequence @, of simple functions such that |¢,| < |f| and ¢, — f pointwisely.

Note that

[on = 17 < (enl + £ < (1 + [FD7 = 2°[£17.

Note that |f|? is integrable, so 2P| f|P is also integrable. Also, note that |@,, — f|?
converges pointwisely to 0. Now, by Dominated Convergence Theorem, we yield
[ lon — fIPdp — [0dp = 0. Therefore, ||, — f||, — 0, as desired. O

1.6.3
Recall that we know (a special case of ) Chebyshev’s inequality: for a random

variable X and any a > 0, P(|X| > a) < Ejgz.

(i) Let 0 < b < a. We will show that there exists a random variable X
with EX? = b2 and P(|X| > a) = b?/a®. (This means that the equality in
Chebyshev’s inequality can be achieved, i.e. the inequality is sharp).

Our goal is just to construct X such that P(|X| > a) = b?/a? and EX? = b2
It’s natural to come up with X : [0,1] — R (so the probability space is [0, 1])

such that

. 2_p2 b2
X(w)={ ¢ Mlzw=a =1-w
0 ifo<w<1-25.



From this definition, we have that P(|X| > a) = b?/a®. Moreover,

2 _ 2 2
EX —/X 1[(],1—b2/a2)dp+/X 1[171)2/(12,1] dP
b2
=0+a*P([1 —b*/a* 1)) = a2a—2 =7,

as desired.

(ii) Let X be a random variable such that 0 < FX? < oo. We will show

that lim, o0 % = 0. (Chebyshev inequality only tells % <1,

which is not as sharp as this limit).
We have

EX? :/X21|X\Zadp+/X21\X|<adP
> a*P(|X|>a) + /X21|X‘<adP.
This is equivalent to

a’P(|X| >a) < EX? - /X21‘X‘<adP. (1)

Now, note that X21|X‘<n (n € N) is a sequence of non-negative random vari-
able, and that X 21‘ X|<n TX 2. Therefore, by Monotone Convergence Theorem,
J X?1x|<ndP T EX?. Now, take the limit of both sides of (1), we yield

lim a*P(|X|>a) < EX? - EX?=0.
a— o0

Thus, LHS = 0 (as it must be > 0). Now, dividing this equality by the constant
EX? we yield

. a’P(|X|>a)
> CA
as desired. (In the proof for this part, as 0 < EX? < oo, every step is well-
defined). O
2.2.1
Let X1, X5, ... be uncorrelated random variables with % — 0as? — 0.

Let S, = Xi+---+X,, and v,, = Ef" as n — oo. We will show that %‘—Vn —0
in L? and in probability.
Our idea is to use Theorem 2.2.6. Our triangular array will be X, ; 1= X.

Let p, := ES, and 02 := var(S,). The theorem say that if % — 0 (for some
sequence by,) then Sj% in L2 and in probability (the theorem itself does not
conclude about convergence L2, but its proof does). (Here, our b, will be n).

We will show that Z—Z — 0. Let € > 0 be arbitrary. As X;’s are uncorrelated,
we have

o2 =var(S,) = Zvar(Xi).
i=1



Thus,

Now, as M — 0, there exists an N such that for n > N, Var(X < €/2. Let

M = ZZ ) var(X) < .
Let N’ € N (N’ > N) such that 1 < 5. Then, for any n > N’, continuing
on the inequality in (1), we yield

o2 1 "L e
i SR 2 3)
i=N+1

1
SN,M+ < e.

Thus, Zz — 0. Now, by Theorem 2.2.6, S"% — 0 in L? and in probability.
In other words,

Sn_ﬂn:Sn_Vnn:&_yn_}O
n n n

in L? and in probability, as desired. O

2.3.14

Let X1, X»,... beindependent. We will show sup X,, < cca.s.iff >, P(X
A) < oo for some A.
Suppose that there exists A € R such that > P(X, > A) < co. Then,
by Borel-Cantelli Lemma, P(X,, > Aio.) = 0. Now, suppose that w € Q
satisfies (sup X,)(w) = oo, then we have w € (X, > Ai.o.). Therefore,
{supX,, = oo} C (X, > Aio.). But, we know P(X, > Aio.) = 0, so
P(sup X,, = o0) = 0. Therefore, we yield sup X,, < coa.s..

Suppose that sup X,, < coa.s.. Suppose, FSOC, that > P(X, > A) =
for any A € R. Fix an A € R. We know that X;’s are indepedent, so (X; > A)’s
are also independent. Now, by the second Borel-Cantelli Lemma, we yield
P(X, > Aio.) =1

We have the following lemma: let (2, F, P) be a probability space; let C, D €
F; then if P(C) = P(D) = 1, then P(C N D) = 1. The proof of this lemma
goes as follows. As P(C) = P(D) =1, we yield P(CND) =1, P(C\ D) =0,
and P(D\ C) = 0. Therefore, P(CND)=P(CUD)—P(C\D)—-P(D\C)=
1-0—-0=1.

Now, from the lemma, we yield P(Naer(X, > Ai.0.)) = 1. This implies
P(sup X,, = o0) = 1, i.e. sup X,, = oo a.s., contradiction.

Thus, there exists A € R such that > P(X, > A) < oo. O

2.4.2
Let Xo = (0,1) and define X,, € R? inductively by declaring that X, .1 is
chosen at random from the ball of radius | X,,| centered at the origin. That is,



Xn+1/|Xx| is uniformly distributed on the ball of radius 1 and independent of
X1,...,X,. We will show that n=1log|X,| — —1/2a.s. (Here, log means the
natural log).

From the definition of X,,’s, we know that i )I()iill‘ ’s are iid random variables

(note that X, is a random variable and the absolute value function is contin-

uous imply that |X,,| is also a random variable (Exercise 1.3.3)). Consider the

function log on the domain [0, 1], with log(0) := co. We have that log is contin-
[ X0l >

uous, so log B ‘ "I 1 ’s are random variables. Furthermore, as X, ] S are iid, so
n—

\X|>
1|

are log —~ B S.

We want to apply SSLN for log | )l( nl 7> SO let’s compute its expected value.
Note that the distribution function of | "ll‘ is

X 2
|| <a)=P(X1|<a) = "% =2,

F(a):P(m_ < 12

where the third equal sign is because the point X, is chosen uniformly. Thus,
applying Theorem 1.6.9 for the function |log| (which is > 0), we have

1
1
/ |log(y)[2y dy = —/ log(y)2y dy = 5 <
0

by integration by parts. Therefore, we can apply Theorem 1.6.9 for £ ( I§;I )
We yield
| X | / ! 1
E(log—) = log(y)2ydy = —=.
(log e ) = | loa() 5
Now, by SLLN,
I Ll
2 i1 log [Xi_1] _)_}as
— 5 &5
Note that the numerator on LHS is just log “X(’;I = log|X,|, so log|an| —
—1/2as.. O

3.24
Let g > 0 be continuous. Suppoe that X,, = X.. We will show

liminf Eg(X,) > Fg(Xx).
n—oo
As X,, = X, by Theorem 3.2.8, there exist Y, (1 < n < co) with the same
distribution as X, such that Y,, — Y, a.s.. As g is continuous, by Exercise
1.3.3, (V) — 9(Yoo) a.s.. Also, we know that g > 0, so ¢g(¥;,) > 0 for all n. So,
by Fatou’s Lemma,
liminf Eg(Y,,) > E(liminf g(Y;,)) = Eg(Ya).

n—oo n—o0



But, as X,, and Y;, have same distrubtion, we know Eg¢(X,) = Eg¢(Y,) (for any
1 < n < o0). Therefore,

liminf Fg(X,) > Eg(Xx).

n—oo

3.3.1

Suppose ¢ is a characteristic function (ch.f.). We will show that Re(y) and
|o|? are also ch.f.’s.

We will prove for |p|? first. Say ¢ is the ch.f. for ar.v. X, i.e. p(t) = EelX.
Let X be a r.v. that have the same distribution as X. Let X5 be a r.v. that
have the same distribution as —X and that is independent to X;. Then, the
ch.f. of X5 is

pa(t) = Eet=X) = E cos(it(—X))+iEsin(it(— X)) = E cos(it X )—iE sin(itX) = p(t).
Now, as X; and X5 are independent, by Theorem 3.3.2, X; + X5 has ch.f.

p()p2(t) = p(t)p(t) = (1)

Now, we will prove that Re(¢) is also a ch.f.. Consider X; and X5 as above,
i.e. X7 has the same distribution as X; X5 the same distribution as —X; X3
and X, are independent. Let Fi, F5 be the distribution functions of X, Xs,
respectively. Then, by Lemma 3.3.9, %Fl + %FQ is a distribution function, and
has ch.f.

S9(1) + 5a(t) = Re((p(1).

(Explanation for why F = %Fl + %Fg s a distribution function: By Theorem
1.2.2, we just need to check 3 conditions: F' is non-decreasing; lim,_,o F(z) =
1, im, o F(x) = 0; F is right continuous. Then, the 3 conditions hold be-
cause Fy and Fy both satisfy all such conditions, by Theorem 1.2.1). O

3.4.4

Let X1, Xo,... be iid. with X; >0, EX; =1, and var(X;) = 02 € (0,00).
We will show that 2(v/S,, —v/n) = o.

The idea is to manipulate 2(1/S,, — /1) so that we can use the Central Limit
Theorem (CLT). Indeed, we have

Sp—n 20+/n
onl/2 /S, +/n

Now, by CLT, we have that 5;”—\}7? = . Furthermore, by SLLN, we have that

% — EX; = la.s.. This implies

2(y/Sn — V) =

(1)

20y/n 20 . 20
\/Sn+\/ﬁ %_’_1 14+1

g a.s..



Now, from (1), and by Exercise 3.2.14 (which says Y,, = Y and Z,, = c then
Y. Z, = cY), we yield

2(1/S, —v/n) = ox.

4.1.2

Suppose that a > 0. We will show P(|X| > a|F) < 5 E(X?F). (Note that
this is a version of Chebyshev’s inequality, for conditional expectation!)

By definition, we have that P(|X| > a|F) = E(1(x>q)|F). Note that
I(x|>a) < f—; (because if | X| < a, 1(|x|>q) = 0; otherwise, 1(|x|>q) =1 < f—;)
Therefore, let A € F be arbitrary, we have

1 1
/1(‘X|>a)dP§/ —QXQdP:—Z/XQdP.
A B AQ az Ja

By definition of conditional expectation, the above is equivalent to
1
/ E(1(x[>4)|F)dP < ;/ E(X?|F)ydp, (1)
A A

and this is true for any A € F.

Now, we will use the following Lemma: if X7, X5 are F-measurable r.v.’s,
and for any A € F, we have [, X1dP < [, XodP, then X; < Xya.s. on Q. (We
will show the proof for this Lemma at the end of this problem).

Applying the lemma, we immediately yield that E(1(x|>.)|F) < E(X?|F)a.s.,
as desired.

Proof of Lemma. Consider ¢ < 0 be arbitrary. Let Y = X5 — X7, we
know that [, YdP > 0 for any A € F. Let Ac = (Y € (—00,¢)). As Y is
F-measurable, A, € F. Thus, we have that f A YdP > 0. This implies

0 g/ deg/ edP = eP(A,).
A, A.
As e < 0, we have that P(A.) < 0. This means P(A¢) = 0. As this fact is true
for any € < 0, we yield that P(Y € (—00,0)) = 0. Therefore, Y > Oa.s.. O

4.2.1

Suppose that X, is a martingale wrt G,,. Let F,, = 0(X1,...,X,,). We will
show that G,, D F,, and X,, is a martingale wrt F,,.

As X, is a martingale wrt G,,, X,, is adapted to G,,. That means X1,..., X,
are G,-measurable. But, F,, is the smallest o-algebra that makes Xi,..., X,
measurable. Therefore, F,, C G,,.

By definition, we have that F; C --- C F,, (that is, F, is a filtration). Now,
for any n, we have

E(Xn-‘rl‘fn) - E(E(Xn+1|gn)“Fn) - E(Xn|-/rn) = Xna



where the first equality is by Theorem 4.1.13, the second because X, is a mar-
tingale wrt JF,,, and the third due to X,, € F,. Therefore, X,, is a martingale
wrt F,. ]

4.3.3

Let X,,,Y,, be positive, integrable, and adapted to F,,. Suppose that E(X,,11|F,) <
X, +Y,, with } Y, < coa.s.. We will show that X, converges a.s. to a finite
limit.

We have that

E(Xpp1 — Y VilFo) = E(Xn | Fn) — B Vil Fo)
k=1 k=1

where the second equality is because Y,, is adapted to F,,, and the inequality is
due to our hypothesis. Furthermore, note that as X,, and Y,, are adapted to F,,
X, —22;11 Y, is adapted to F,,. Therefore, X,, —Zz;ll Y}, is a supermartingale.
Now, let N = infy, (an:l Y, > M) for some M > 0. N is a random vari-
able, and we have that {N = n} € F, for any n, so N is a stopping time. Then,
by Theorem 4.2.9, Z,, := X,AN — Z,(cn:/\lN)*l Y. is a supermartingale. Further-
more, by the definition of N, we have Z,, + M is a positive supermartingale.
Therefore, by Theorem 4.2.12, Z,, + M converges a.s. to a finte limit. This
means then that Z,, converges a.s. to a finite limit.
Now, let M — oo. Then, N — oo. Therefore, X, Ay = X,,, and Z,(::AIN)A Y. =
Z;ll Y. Now, we have n — oo, Z,, converges a.s. to a finite limit, and Y~ , Y3

is finite, so X,, = Z,, + 22;11 converges a.s. to a finite limit. O



